Different compaction processes of the nanosized granular system, which is a prototype of an alumina nanopowder, are studied by the granular dynamics method. For all processes: compaction curves "density vs. pressure" of the powder compact are calculated, the elastic and the plastic parts are extracted from the total deformation, the body elastic moduli are determined within the isotropic solid approximation. The inadequacy of the isotropy approximation is established. The nanopowder yield surface is constructed in the space of stress tensor invariants. The inapplicability of the traditional associated flow rule for description of oxide nanopowders compaction processes is revealed. An alternative flow rule is suggested.
information about the characteristics of the powder system and changes in its properties in the compaction processes. Much more detailed information can be obtained in the framework of the microscopic examination implemented in this study, i.e., the nanopowders simulation by the method of granular dynamics [16] [17] [18] [21] [22] [23] [24] [25] .
The object of research is a monodisperse (particle diameter d g = 10 nm) model system corresponding to an aluminum oxide nanopowder with a strong tendency to agglomeration. Real powders of this type are produced in the IEP (UB of RAS, Ekaterinburg) by methods of electric explosion of conductors [26] and laser evaporation of targets [9, 27] . Individual particles are characterized by a spherical shape and high strength characteristics. The sphericity of particles and their high strength, non-susceptibility to plastic crumpling, make the method of granular dynamics particularly promising and adequate tool for theoretical analysis.
Numerical simulation technique
The model cell has the shape of a rectangular parallelepiped with sizes x cell , y cell , and z cell . To generate initial backfills, the algorithm described in Ref. [16] is used, which allows creating isotropic and homogeneous structures in the form of a connected 3D periodic cluster. The number of particles N p = 4000, the initial density ρ 0 = 0.24. The density ρ is the relative volume of the solid phase, i.e., 3 ( / 6) / p g cell
where d g is the particles diameter and V cell is the model cell volume. Periodic boundary conditions are used on all sides of the cell. The system is deformed by simultaneously changing the sizes of the model cell and proportionally rescaling the coordinates of all particles. After each act of deformation, a new equilibrium position of the particles is determined. This procedure corresponds to the effect on the powder under quasi-static conditions. The tensor of total deformations of the model system in Cartesian coordinates is diagonal. The increment of its components at each step of deformation are related to each other by the relations: , and the differences between the processes, i.e., the specifics of compaction, are determined by the values of the coefficients κ x and κ y .
The stress tensor ij  averaged over the model cell is calculated using the well-known Lava formula [21] [22] [23] 28] ( , ) ( , )
where summation is performed for all pairs of interacting particles k and l; ( , ) k l f is the total force acting on the particle k from the particle l; ( , ) k l r is the vector connecting the centers of the particles. As a rule, it is assumed [12] [13] [14] [15] that the stress state of a plastically deformable body is sufficiently characterized by the first two invariants of the stress tensor, or uniquely associated with these invariants by the average (hydrostatic) stress p and the intensity τ of the stress deviator ( ij
, where δ ij is the unit tensor):
In the following we will also introduce the axial pressures: p    . The force characteristics of interparticle interactions are described by the relations [16] [17] [18] : 
Here: the modified Hamaker formula (3) determines the dispersion attraction force f a [29, 30] ; the modified Hertz's law (4) determines the force f e of elastic repulsion of particles [31] ; the linearized Cataneo-Mindlin's law (5) determines the tangential interaction of pressed particles ("friction" forces) [32] [33] [34] ; the linearized Jager's law (6) (or Reisner-Sagosi's law [35, 36] ) determines the moment M p of surface forces arising during mutual rotation of pressed particles around the contact axis at an angle θ p ; the Lurie's law (7) determines moment M r surface forces that occur when the contact axis is bent at an angle θ r (with the appearance of a strong bond between the particles; see [37] , p. 272, Eq. (4.5)). In the presented equations: r is the distance between the centers of the interacting particles, ε and d 0 are the energy and the size parameters of intermolecular forces; α is the factor that defines the minimum gap between the contacting particles and sets a maximum adhesion force (f a,max = f a (d g )); E and  are Young's modulus and Poisson's ratio of the particles; δ is the tangential displacement of the contact spot; a is the contact area radius; µ is the friction coefficient; b  is the critical shear stress, which characterizes the shear strength of the material; n  is the normal stresses on the contact area. The appearance/destruction of a strong bond between the particles is described using a parameter ch r  that characterizes the necessary compression of the particles [16] . It is assumed that reducing the distance r between the centers of the particles to the value min g ch r d r    initiates the formation of a strong bond. After the formation of a strong bond between the particles, further compression (with a decrease in r) continues to correspond to the elastic interaction (4), but when stretched (an increase in r) we have a linear relationship of the force f e and the distance r up to the value min ch r r r     . At r r  a partial contact destruction is introduced, which is described by increasing the r min parameter, so that the difference min r r  remains equal to its maximum value ch r  . Complete destruction of the contact between the particles occurs when stretched to the value of r = d g . With the appearance of a strong bond between the particles, the restrictions in the ratios (5) and (6) associated with the friction coefficient (µ) are removed.
Aluminum oxide in the α-phase is assumed as the particle material:
[16]. The particle diameter d g = 10 nm, the interparticle friction coefficient µ = 0.1, the parameter 0.01 . Thus, the simulated system is close in its parameters to the model system II of Ref. [16] , i.e., it corresponds to a highly agglomerated alumina powder of Ref. [38] .
To identify the various simulated compaction processes, the values of the coefficients κ x and κ y are used, and the process is denoted by the pair "κ x ;κ y ". Computer experiments have been performed for the following processes: 
In addition, three processes of the form "κ n ,κ n " have been modeled with values
which in terms of the ratio /   are analogs, respectively, of the processes "0;1", "0;0.5" and "0;-0.2".
Compaction curves
In all the processes listed in the previous section, the model cell has been compacted to a specified level p max = 5 GPa of external load along the Oz axis, i.e., until the condition max z p p  . Then the model cell has been unloaded, during which the cell has been deformed in all directions with the same relative rates as when compacting, but the opposite sign. Figure  1 shows the compaction and unloading curves p z (ρ) of the five processes. Note that several (from 6 to 10) statistically independent calculations have been performed to construct each curve, after which the calculated data have been averaged. The stage of unloading, or "elastic" unloading [17, 19, 24] , is characterized by a change u   in density. However, in addition to the purely elastic unloading interparticle contacts, pressure relief is also accompanied by irreversible processes of relative movement of particles. Therefore, the name of these stages "elastic" is quite conditional, and only assumes that elastic processes are likely to prevail here. Figure 1 shows that at the loading stage, the "density -maximum pressure" compaction curves are very close to each other. The processes "1;1", "0.5;1", and "0;1" coincide within the calculation error (about 0.3%), and the deviation from them of the process "0;0"(uniaxial compression) is about 1% in density. Insensitivity of nanopowder compaction to the loading scheme was noted earlier in the works [16] [17] [18] . The reason for this insensitivity seems to be the mutual compensation of two opposite effects. On the one hand, the transition to asymmetric loading (from uniform compression "1;1" to biaxial "0;1" and then to uniaxial "0;0") leads to a given level of external (maximum) pressure (p z ) to reduce the average pressure in the powder, which should reduce the density of the compact. So, for a uniaxial process "0;0" at p z = 5 GPa, the calculated hydrostatic pressure is only p = 3.9 GPa. On the other hand, an increase in shear deformations and stresses characterized by the deviators intensity of strain (γ) and stresses (τ) contributes to the achievement of higher densities. If for uniform compression , 0    , then for a uniaxial process 0.816   , and the value of τ at maximum pressure, as shown by numerical estimates, reaches 1.3 GPa. At the stages of "elastic" unloading, the difference in density between the simulated processes becomes more noticeable, and is about 2% between the uniaxial and uniform processes when the external pressure is completely released. Moreover, if the uniaxial process is characterized by lower density values during loading, then after the "elastic" unloading, the lower density corresponds to the process of uniform compression-stretching. Density changes u   at the unloading stages for processes "1;1" and "0;0" are 14.5% and 11.3%, respectively.
Separately, the question of the significance of the third invariants of strain and stress tensors for the description of a powder body has been investigated. As noted [12] , for a wide class of isotropic materials, for example, classical elastic and viscous bodies, scalar mechanical properties are determined only by the first two invariants of these tensors. This approximation fully justifies itself when describing powders of micron and larger sizes [12, 19, 20] . However, for nanoscale powders, this approximation has not yet been verified. In order to perform this check we have analyzed the processes "0;1", "0;0.5" and "0;-0.2" in comparison with their analogues, i.e., with processes "κ n ,κ n " (8), see Fig. 2 . Despite the equality of the relation /   , the analyzed pairs of processes are characterized by different values of the third invariant of the strain tensor.
If we use the value
is the determinant of the deformation deviator), then for the pair of processes "0;1" and "κ 1 ,κ 1 " we have 3 0.21 I   and +0.21, respectively; for the pair "0;0.5" and "κ 2 ,κ 2 " -0 and 0.24; for the pair "0;-0.2" and "κ 3 ,κ 3 " -0.84 and 0.58. As a consequence, these pairs are characterized by different values of individual components of the stress tensor and the similar third invariant of the stress deviator. So, for the pair "0;0.5" and "κ 2 ,κ 2 " at a pressure p z = 5 GPa, the compact density reaches 74.5   %, and the "side" pressures in the process "0;0.5" are 3.6 GPa. Nevertheless, despite the obvious difference in the stress state realized in these processes, the curves of their compaction in the invariant variables p(ρ) and τ(ρ) coincide within the calculation error. The dependences of the stress deviator intensity on the compact density of the analyzed processes are shown in Fig. 2 . It can be seen that the curves τ(ρ) of each pair are satisfactorily consistent both at the loading and unloading stages. The curves p(ρ) show a similar agreement. Thus, the coincidence of the curves p(ρ) and τ(ρ) for processes with different values of the third invariants of strain and stress tensors confirms the hypothesis traditionally used in the plasticity theory that the first two invariants of these tensors are sufficient to describe nanoscale powder systems.
Fig. 2.
The dependence of the stress deviator intensity on the compact density for processes: "0;1", "0;0.5" and "0;-0.2" (solid lines 1, 2 and 3, respectively); "κ1,κ1", "κ2,κ2" and "κ3,κ3" (dashed lines 1, 2 and 3, respectively).
Extraction of "elastic-reversible" contribution
In Refs. [17, 18] the elastic contribution to the total change in the compact density e   at the compaction stage was identified with the value of u   , i.e., with the change in density recorded at the stage of external pressure relief. However, this identification is not strict, since at the stage of pressure relief in the powder system, simultaneously with the processes of elastic unloading of interparticle contacts, the processes of relative (tangential) slippage of particles inevitably occur that corresponds from the macroscopic point of view to the process of plastic flow of the material. For the same reason, the estimation of the uniform compression modulus p ela dp
made in Ref. [39] by the slope of the p z (ρ) curve at the initial pressure relief section can only be considered a "bottom estimate". It is also worth noting the high labor cost of such an as-sessment of elastic properties. Analysis of their changes with increasing compact density requires the simulations of a large number of elastic unloading branches [17, 39] .
In connection with what has been said in the present work, a fundamentally different way of evaluating the elastic properties of a compact has been realized. The elastic stress increment ij   in the simulated system, corresponding to a small density increment   , was "measured" at each step of deformation of the model cell immediately after changing its size and proportional increment of the corresponding coordinates of all particles. Only after this measurement did the relaxation mechanism "turn on", i.e. particles began to move to new equilibrium positions. Thus, the processes of mutual slippage are separated from purely elastic deformation. It should be noted that the relative displacements of particles proportional to the deformation of the model cell correspond to the well-known Voigt approximation for the strain field in a continuous medium [28] .
Taking as an assumption the powder compact isotropy, we can use the Hooke law in the form [40, 41] 1 2 2 ,
to describe its elastic properties that allows us to determine the elastic moduli K p and p  of the powder body. The expression for the compression module is written above, see Eq. (9), and the Poisson's ratio p  for the simulated processes can be determined by the ratio of the increments of the stress tensor components, for example, «0.5;1»:
Note that for the "1;1" process (uniform compression) the Poisson's ratio cannot be determined, and for processes with three different diagonal components of the strain tensor, for example, the "0;0.5" process, the Poisson's ratio can be determined using different pairs of stress tensor components:  must coincide. Figures 3 and 4 show the elastic modules obtained using expressions (9) - (11) . Figure 4 shows that the Poisson's ratio cannot be considered as an unambiguous function of the compact density, since we observe different dependences ( ) p   for different processes, as well as the mismatch of values , p x  and , p y  for the process "0;0.5". This indicates that the elastic properties of the simulated system cannot be described by law (10) with two elastic modules, i.e., the approximation of the material isotropy for the compacted powder is not performed. The calculated data show that the distribution of the directions of interparticle contacts in the powder system is isotropic within the calculation error in all simulated processes, but the distribution of contact forces has a noticeable angular dependence (see, for example, Fig. 14 in Ref. [16] ). The latter, together with the nonlinear law of elastic particle interaction (4), apparently leads to a significant anisotropy, induced by the external loading conditions, of the elastic properties of the compact.
Despite the induced anisotropy noted above, the compression modulus K p , determined by the first invariants of the strain and stress tensors and presented in Fig. 3 , is determined for most simulated processes quite unambiguously, and is satisfactorily approximated by the common expression
with coefficients k 1 = 10.987 GPa, k 2 = 0.638 GPa, and k 3 = 5.744. The only exceptions are processes with extension along the Oy axis. Here, apparently, the proximity to the fracture surface of the powder body manifests itself. This surface according to studies [17, 25] is located on the "p-τ" plane somewhat to the left of the τ(p) curve of the uniaxial compression process "0;0". Numerically calculating the recorded integral along the loading curve p(ρ), we obtain the relationship of ela   with the parameters that determine the state of the powder compact (ρ, p, p max , etc.). Figure 5 shows the dependencies ( ) ela p   thus obtained. The noticeable difference in the ( ) ela p   curves for processes with almost identical dependencies K p (ρ) is due to the difference in the compaction curves p(ρ), which are implicitly included in the subintegral expression of Eq. (13) . The max ( ) ela p   curves have the same non-linear character as the curves in Fig. 5 , and are qualitatively consistent with the corresponding dependencies presented in Ref. [17] . In quantitative terms, the obtained values of elastic deformation ela   are below the values for the model system II with similar parameters in Ref. [17] , where the elastic part of the density increment has been identified with the value of , which allows us to estimate the maximum possible density   of compacts. For the studied processes, as shown in the inset of Fig. 6 , it lies in the range from 67% (uniform compression "1;1") to 72% (process "0;-0.3"). 6 . The compact density ρ (dashed lines) and the plastic irreversible contribution ρ plast (solid lines) depending on the maximum external pressure (p z , along the Oz axis) for the processes "1;1", "0;1", "0;0", and "0;-0.3" (lines 1, 2, 3, and 4, respectively). Inset: ρ plast values at high pressures and approximation to the limit max p   (dashed lines).
The yielding surface
The key parameter of the deformable body when describing its mechanical properties in the framework of plasticity theories [12-15, 19, 20] is the yielding surface, which in the space of the stress tensor component determines the boundary between the elastic deformation region and the plastic flow region. In contrast to plastically incompressible materials, in particular, compact metals, the powder yielding surface must depend not only on the intensity of the stress deviator (τ), but also on the value of the first invariant of the stress tensor (p), and also on the current density as a parameter, passing in the limit of the pore-free state in the flow condition of the solid material. As the density, in accordance with the accepted analogy, it is necessary to understand the value of ρ plast , i.e., the accumulated "plastic" deformations without the elastic contribution. Many researchers use an approximation of the yielding surface equation in the form of an ellipse in the coordinates "p -τ" to describe the behavior of porous bodies whose reaction to a change in the load sign can be neglected [12] [13] [14] [15] 19] . For nanopowder compacts, as noted in previous works [17, 18] , the elliptical surface is not applicable. If the sintered porous body is characterized by the presence of formed contacts between the particles, which is why it is able to resist almost equally tensile and compressive deformations, then the powder has a relatively weak resistance to tensile deformations. The consequence of this is a significant distortion of the flow ellipse and a noticeable shift towards positive values of hydrostatic pressure [17, 18] .
Another feature of the powder body noted in Refs. [17, 25] is the presence of a fracture surface in the region of processes with tensile stresses. In the space of invariants "p -τ", the fracture surface is located slightly to the left of the curve τ(p), corresponding to the uniaxial compression "0;0". In this regard, in the present work we used processes with only a relatively small stretch ("0;-0.1", "0;-0.2", and "0;-0.3"), located on the plane "p -τ" near the uniaxial compression curve. In this case, the area of compressive deformations, ranging from uniaxial to uniform compaction, which is responsible for the so-called consolidation locus of yield surface [19] , is mainly analyzed. Figure 7 shows the compression curves for the simulated processes in the space of invariants "p -τ", as well as the points (p,τ) on these curves, corresponding to the given densities ρ plast . For 4 larger ρ plast values (0.61, 0.617, 0.622, and 0.627) the errors of statistical averaging of the calculated data are also shown. At lower densities, the errors become comparable, or even less, of the size of the symbols in the figure. The uniform compression curve "1;1" (line 1) in these coordinates is located along the abscissa. Within the statistical error, all the good agreement between the quantities y p and ( ) ass y p , i.e., within the simulation error, it is possible to state the fulfillment of the coaxiality of the deviators of strains and stresses. As applied to the invariants of strain and stress tensors, another interesting consequence of the associated law for powder bodies is relation
where the potential Φ is either the dissipative potential of the deformable body or its yielding function, whose iso-levels coincide with the levels of the yielding surface (14) presented in Fig. 7 . As has been shown in Ref. [18] , the choice of the yielding function as potential Φ is preferable, since the latter is a more visual, unambiguous, and reliable characteristic of a powder body. In particular, it has been established that the yielding surface is practically independent of the intermediate unloadings during compaction and, as a consequence, of the initial state determined by the initial density ρ 0 of the pressed powder.
Relation (17) requires (see Ref. [14] ) that the direction of the plastic strain vector ( )
p p   be normal to the iso-levels of the yielding surface shown in Fig. 7 . Figure 9 shows the directions of the vectors (ε (p) ,γ (p) ) and vectors  for two iso-lines, with ρ plast = 0.60 and 0.627. We see that the fulfillment of the associated rule (17), i.e., the collinearity of the vectors (ε (p) ,γ (p) ) and  is observed only in the trivial case of uniform compression. The slightest deviation from uniform conditions, already for the "0.9;1" process, demonstrates a noticeable violation of collinearity (17) . In this case, the strain vector (ε (p) ,γ (p) ) for all processes deviates from  towards the compaction curve τ(p), the direction of which can be determined by vector ( , ) p    . The noted feature allows us to formulate an alternative criterion for the flow of oxide nanopowders in the form [18] :
The values of the coefficient ω as a function on the ratio p  calculated according to this relation for the intersections of the compression curves of all the studied processes with 7 isolines shown in Fig. 7 and 9 are presented in Fig. 10 . Analysis of the obtained data shows that the function does not depend on ρ plast , i.e., is common to all iso-lines, and is satisfactorily approximated by the expression:
with coefficients ω 1 = 0.9 and ω 2 = 1.0. The Eq. (22) closes the system of previous relations that determine the change in the components of the strain tensor of the powder compact under a given external action, i.e., for a given increment of the stress tensor components. 
Conclusion
For a model system that corresponds to a nanosized powder of aluminum oxide, compaction curves have been calculated for compaction under various conditions. The processes of uniform compression, biaxial and uniaxial pressing, as well as a number of processes of trilateral non-uniform compression, i.e., with different compression speeds along different directions, have been studied. The elastic properties of powder compacts are investigated. The invariance of the compression modulus and the non-constancy of the Poisson's ratio are revealed, which indicates the inapplicability of the approximation of an isotropic body to a powder compact and, as a consequence, the insufficiency of two elastic modules to describe its elastic properties. Nevertheless, the reliably set value of the compression modulus allows one to determine the elastic and plastic parts of the density increment and the strain tensor. The theory of a plastically compacted porous body [12] [13] [14] [15] , traditionally being used to describe powder compacts, has been verified. The insensitivity of the mechanical properties of the powder body on the third invariants of the strain and stress tensors, as well as the coaxiality of the strain and strain deviators are established that is fully consistent with traditional theoretical concepts. However, in general, it should be recognized that the well-known associ-ated rule of plastic flow does not apply to nanosized oxide powders, since in the space of stress tensor invariants the vector of invariants of the plastic strain increment tensor turns out to be non-normal to the iso-levels of the yielding surface. Instead of the traditional associated rule, another criterion is proposed that allows us to predict the nature of deformation processes in the system. According to the proposed criterion, the form of the strain increment tensor is determined not only by the direction of the gradient vector of the yielding function (associated rule), but also by the direction of the "vector", which determines the change in the components of the stress tensor during the compaction process. The ratio of contributions from these two vectors is determined by the weight coefficient ω. A complete system of relations is formulated that uniquely determines the change in the components of the strain tensor in a system for a given external action. In addition to the flow criterion, this system contains an approximation of the iso-levels of the yielding surface and the dependence of the weight coefficient ω on the invariants of the stress tensor.
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